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0 1 1 1
e . 1 0 1 1
(30p) 1. Se considera matricea A = 11 0 1 eM,(R).
1 1 1 0
Sa se calculeze A™ si determinantul matricei A", n € N*.
Solutie:
1111 2p
_ (1111
Avem A = —I; + B,unde B = 11 1 1
1 1 1 1
Deoarece B - (—13) = (—I3) - B =>
4p

A= (Sl B = D CH (1) B = ()t YO (1) B
k=0

= k=1

Cum B? = 4B, presupunand cd BX = 4k=1.p = pk+1 = Bk.p =4k.p 5p
si conform metodei inductiei matematice => B" = 4""1. B, V n € N* .

A% = (=l 20U 4 By = () S DG U4 =

B B Y k B\ B
=(-L)"— (D" —+— (=1) -4’<=—1"<1 —_) — (=1+4)" =
R = D" g4 2(C T4 = D" (=) g (1)
— (_1yny. 4 3"-CED" 6p
=(-D"I; + B
a b b b 3p
Daci notim a = ~—+=CD" si p=32C00 oo gn o b a b b , VneN*
4 b b a b
b b b a
Calculeaza detA = —3, de unde p

det(A™) = (det(A))" =(=3)" ,n € N*, 3p
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1 1
Ca+5Ch+ -+ CR

(20p) 2. Si se calculeze lim T 7 .
n—oo 22+E.23+...+E.2n+1

Solutie:
< 1 1 . 1 1
Noteazd x, = Cq+-Ci + - +-Crsiyy =22+ 23 44— 2" 4p
2n+2 .
Yn+1 = Yn = = > 0, VneN"=>(y,),, estecrescitor.
P, oo 2 o . 2p
Cum y, >—— V n€N" si lim =00 obtine limy,K =, (3,),,, este nemarginit .
n+1 n>opn+1 n—o =
_ Cry+2C2 bl -t -2c2 - - Ecn 5p
. X X . n+1 n+1 n+1 n n n
lim 22— = lim . m— 2 4
n—oo Yn+1~YVn n—-oo n_+1'2
1 1 1
— lim C‘r%+1_C‘r%+E(C1’21+1_CTZl)+"'+;(CT?+1_CT?)+ECT?III
- 1 on+2 -
n—oo pe] 2
0,1c1, 4 ten-1, 1 -0
— lim CrtsCat oyl 4t 3p
n—oo L.2n+2
n+1
n n 3
1 k 1 k+1 p
k 1 n 1 n+l
=L ko nt _
=lim————=Ilim———=
n-oo —_.pn+2 n-oo —_.pn+2
n+1 n+1
>
n+1i3 2Ml-1 1 3
—Tlll_T;Zlo 1 on+2 = Tlf_ff}o otz 5 P
n+1 1
. . . X . X —X
Conform lemei lui Stolz-Cesaro lim === lim 2=
n-wYn n-0oYn+1=Vn 2

. . . . . 1 1+x
(20p) 3. Se considera sirul (x,),s; de numere reale definit prin x; = \/; s Xnp1 = | - on>1.
Sa se calculeze lim (x4 - x5. ... - x,).
n—>oo
Solutie:
i i
= -_—= — 2
Xy = COS = COS P
— o' = cos & 2
X = COS o = COS— P
- o e . .o Y
Demonstreaza prin inductie matematica x,, = COS 57 V neN” 4p
5 = r . . T 1 * 8
Demonstreazi x; * X,. ...* X, = COS 571 COS o5 " COS oy = oo . VneN Y
2
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4p

lim (xq - x Xp) = lim ! = lim
n—-oo 1 20 n n—oo Zn-Silen% n—oo -sinw

(20p) 4. Pentru fiecare n € N consideram numerele a,, , b,, € N astfel incat (2 + \/§)n =a, +
b, V3.
a) Aratati ca (2 — \/§)n = a, — b,\/3 pentru orice n € N.

b) Determinati lim n

n—-oo Un

Solutie:

a)

Fiec,, d, €EZ cuc, —d,V3 = (2 — \/§)n

Aratam ca afirmatia P(n): (a,, b,,) = (¢, ,d;,) este adevirata pentru orice n € N
Inductie

Verificare: P(0): co — doV3 = (2 — \/§)0 =1=2¢cy=1dy=0

Cuma0+b0\/§=(2+\/§)O:1:>a0:1,b020 2p
= (ay, by) = (1,0) = (cy,dy) = P(0) adevarata

Inductia :

P(n) N P(n + 1) . Presupunem ca pentru orice n € N oarecare are loc P(n) si demonstram ca
atunci are loc si P(n + 1).

P(TL) And (anr bn) = (Cn» dn) (1)

s + bpV3 = (2+V3)" = (2+V3)" - (2+3) = (an + byV3)(2 +V3) =

4
=(2a, + 3b,) + (a,, + 2b,)V3 = a,,, = 2a,, + 3b,, si by, = a, + 2b, (2) P
n+1 n n
CTl+1 - dTL+1 = (2 - \/§) = (2 - \/§) (2 - \/§) = (Cn - dn\/g) (2 - \/§):
=(2¢c, + 3d,) — (¢, + 2d,)V3 = cppq = 2¢, + 3d,, sidyq = c, + 2d, (3)
Din (1), (2), (3) = (ant1, bnt1) = (Cny1,dns1) = P(n+ 1) adevérata
= P(n), V)neN e (2 - \/§)n =a, —b,V3 ,(V)neN 4p
b)
an+bn\/§:(2+\/§)n o Zan=(2+\/§)n+(2—\/§)n
an—b3=(2-V3)" (26,3 =(2+V3)" - (2—-3)"
_ (2+v3)"+(2-v3)"
n — 2 4p

_ @23

b, e
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n n —-v3\" 2
an _ VF[(@+V3)"+(2-3)"] _ @<1+(§+E) ) P
bn - TL_ B n - _\/— n
B ()
2-V3 -3\ _ 2p
Cum0<m<1=>rlll_)rzlo(2+\/§) =0

n—oo bp 1-0
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